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We are grateful to Silvio Dolfi for pointing out that Lemma 5.1 in the published version
is false. Here we give corrected versions of the proofs of Lemmas 5.2 and 5.3. Because
Lemma 5.1 is not used elsewhere, the remainder of the published paper remains true. The
following replaces Section 5 of the published paper.
The lemmas in this section were motivated by [3, Lemma 4]. These all involve the
following situation. Suppose a group G acts on a group V and a Sylow p-subgroup of G
acts nontrivially on V . Furthermore, for every nonidentity element v ∈ V , we assume that
CG(v) contains a Sylow p-subgroup of G as a normal subgroup (for the same prime p). In
Lemma 4 of [3], it is proved that V is an elementary abelian r-group for some prime r and
that G acts irreducibly on V . We will view V as a vector space over the field of r elements,
and so we use addition for the group operation of V . Following Zhang’s proof, we define
the set
X = {CV (P ) | P ∈ Sylp(G)
}
.
For each nonidentity element v ∈ V , we know that CG(v) contains a unique Sylow
p-subgroup of G, and so v will be contained in a unique element of X . Furthermore, it
is easy to see that there is a bijection between X and Sylp(G) that commutes with the
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M.L. Lewis, D.L. White / Journal of Algebra 290 (2005) 594–598 595action of G. We conclude that G acts transitively on X . It follows that all the sets in
X have the same size. Counting the number of nonidentity elements in V , we see that
|V | − 1 = |X |(|U | − 1) for some U ∈ X . (In the literature, X is called an equal partition
of V . For information on equal partitions, we refer the reader to [1].)
Lemma 5.2. Let q be a power of some prime p. Suppose that a group G acts faithfully via
automorphisms on a group V . Assume that |Sylp(G)| = q + 1, and for every nonidentity
element v ∈ V , the centralizer CG(v) contains a unique Sylow p-subgroup of G. Then V
is an elementary abelian p-group of order q2. If G ∼= SL2(q), then G acts transitively on
the nonidentity elements of V . If p is odd, then G ∼= PSL2(q).
Proof. Since q + 1 > 1, it follows that G has nontrivial Sylow p-subgroups, and as G acts
faithfully on V , these Sylow subgroups act nontrivially. From above, we know that V is an
elementary abelian r-group for some prime r . We now fix a Sylow p-subgroup P , and we
set U = CV (P ). Also, we have positive integers a and b so that |V | = ra and |U | = rb . As
we saw before this result,
ra − 1 = |V | − 1 = |X |(|U | − 1) = (q + 1)(rb − 1) = qrb + rb − q − 1.
Adding 1 to both sides of this equation, we obtain ra = qrb + rb − q , and it follows
that r must divide q . Because q is p-power, we see that r = p. Let q = pc, so we have
pa = pb+c +pb −pc. Now, pb+c +pb −pc will be a p-power if and only if b = c. When
this occurs, we have a = b + c = 2c, and |V | = pa = p2c = q2.
Suppose now that G is either SL2(q) or PSL2(q). Take H to be a p-complement of
NG(P ). We know that H is a cyclic group, and the order of H is q − 1 if G is SL2(q) or
(q − 1)/2 if q is odd and G is PSL2(q). We see that H acts coprimely on U .
We can find an element g ∈ G so that NG(P )∩NG(P g) = H . Let N = NG(P ). Observe
that P = Pg , so U ∩ Ug is trivial. It follows that |U + Ug| = q2, and thus, V = U + Ug
is a direct sum. Now, CG(U) = PCH (U) and PgCH (Ug) = CG(Ug) = Pg(CH (U))g ,
so CH (Ug) and (CH (U))g have the same size. Because H is cyclic, we conclude that
CH (Ug) = CH (U). Now, CH (U) centralizes both U and Ug , and this implies that CH (U)
acts trivially on V . Thus, CH (U) = 1 since G is faithful, and H acts faithfully on U .
Because H is cyclic, this implies H has a regular orbit on U . In particular, there exists an
element u ∈ U so that CH (u) = 1, and thus, CN(u) = P . On the other hand, we know that
CG(u) ⊆ N , so CG(u) = CN(u) = P .
When G ∼= SL2(q), we have |G :P | = q2 − 1 = |V | − 1. By the Fundamental Counting
Principal, we know that the orbit of u under the action of G has size |G :P |. We see that
G acts transitively on the nonidentity elements of V .
Suppose p is odd and G ∼= PSL2(q). Note that in this case, |H | = (q − 1)/2. We now
prove that U is irreducible under the action of H . If q = p is a prime, then this is true. We
assume that q = pc > p. We claim that there is a prime s with S a Sylow s-subgroup
of H , so that |S| divides q − 1 and |S| does not divide pd − 1 for positive integers
d < c. As long as we are not in an exceptional case of the Zsigmondy prime theorem
(see [2, Theorem 6.2]), we can take s to be a Zsigmondy prime for pc. Because p is odd,
the only exceptional case of the Zsigmondy prime theorem that can arise is when c = 2
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power of 2 and p− 1 is divisible by 2 but not 4. This implies |S| = p+ 1, which obviously
does not divide p − 1. Thus, we can find such a prime s in all cases.
Because H acts faithfully on U , we know S acts faithfully on U . Since S is cyclic and
the action is coprime, U must have an irreducible S-submodule W which is faithful. It is
not difficult to see that this implies |S| divides |W | − 1. Because |W | is a power of p, we
conclude that W = U . In particular, U is irreducible under the action of S, so it must be
irreducible under the action of H .
For any element 1 = h ∈ H , we have that U = [U,h] + CU(h) is a direct sum by
Fitting’s lemma. Since 〈h〉 is normal in H , we see that [U,h] is H -invariant. Because
U is irreducible under the action of H and [U,h] is nontrivial, we have U = [U,h] and
CU(h) = 0. We conclude for any nontrivial element x ∈ U that CG(x) = P . Recall that
every element of V is conjugate to some element in U . Therefore, every nontrivial element
in V has a Sylow p-subgroup of G as its centralizer in G.
We know there is a dihedral subgroup D of G so that H ⊆ D and |D :H | = 2. Let d ∈ D
be an involution that does not lie in H . Observe that d /∈ NG(P ), so Ud = U . Fix a nontriv-
ial element x ∈ U . Then x + xd ∈ V − U and (x + xd)d = xd + xd2 = x + xd . It follows
that d ∈ CG(x + xd), but x + xd is a nontrivial element of V so its centralizer in G must
be a Sylow p-subgroup. This is a contradiction since p is odd. Therefore, G ∼= PSL2(q)
when p is odd. 
Lemma 5.3. Let f  2 be an integer, and let π be either the set of primes dividing 2f − 1
or the set of primes dividing 2f + 1. Suppose that G = SL2(2f ) acts via automorphisms
on a group V . Then there is a nonidentity element x ∈ V so that CG(x) does not contain a
Hall π -subgroup of G as a normal subgroup.
Proof. We suppose that the lemma is not true, and we work for a contradiction. Thus, we
are assuming for every nonidentity element v ∈ V that CG(v) contains a Hall π -subgroup
of G as a normal subgroup. Let p ∈ π , and define X as in the beginning of this section. As
we have seen, V is an elementary abelian r-group for some prime r . We know that the Hall
π -subgroups of G are cyclic and have the trivial intersection property. Thus, containment is
a bijection between Hall π -subgroups of G and Sylow p-subgroups. It is easy to show that
X = {CV (H) | H ∈ Hallπ (G)}. Fix P ∈ Sylp(G) and write H for the Hall π -subgroup
containing P . Write U = CV (P ) = CV (H). We know that N = NG(P ) = NG(H) is a
dihedral group with |N :H | = 2. We see that |X | = |Hallπ (G)| = |G :N | is divisible by
2f−1. We saw at the beginning of this section that |X | divides |V | − 1, and so |V | is odd.
It follows that r = 2.
Let t ∈ G be an involution. By Fitting’s lemma, we have V = CV (t) + [V, t] is a direct
sum. Fix v to be a nonidentity element of [V, t]. Observe that [V, t] is invariant under the
action of t , so vt ∈ [V, t]. Now, (v + vt )t = vt + vt2 = v + vt , and v + vt ∈ CV (t). Since
CV (t) ∩ [V, t] = 0, we deduce that v + vt = 0, and thus, t inverts every element of [V, t].
Notice that any element of V lying outside of [V, t] will not be inverted by t . We can view
[V, t] as the set of elements of V that are inverted by t .
Let H(t) = {H ∈ Hallπ (G) | Ht = H }. We now define X (t) = {CV (H) | H ∈H(t)},
and note that X (t) is a subset of X . Observe that |X (t)| = |H(t)| = 2f−1. We claim that
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Obviously, if U ∈ X (t), then CU(t) ⊆ CV (t) and [U, t] ⊆ [V, t]. We can write
U = CV (H) for some H ∈ H(t). Set N = NG(H), and observe that N = H 〈t〉. It fol-
lows that CU(t) = CU(N) and [U, t] = [U,N ]. We know that every element in X (t)
has the form Ug for some element g ∈ G. If Ug ∈ X (t), then Ug = CV (Hg) and
Ng = NG(Hg) = Hg〈tg〉. We see that t must normalize Hg , so Ng = Hg〈t〉. We obtain
CUg (t) = CUg (Ng) = CUg (tg) = (CU(t))g and [Ug, t] = [Ug,Ng] = [Ug, tg] = [U, t]g .
This implies that C(t) and D(t) both consist of conjugates. Recall that distinct elements of
X intersect trivially, so U and Ug have a trivial intersection when they are not equal.
On the other hand, if v ∈ CV (t), then v ∈ U for some U ∈ X . Write H for the Hall
π -subgroup of G with U = CV (H). Since v = vt ∈ Ut , we see that Ut = U and thus,
Ht = H . This implies H ∈H(t). Also, we have v ∈ CU(t). This implies that C(t) equally
partitions CV (t). Also, if v ∈ [V, t], then as above v will lie in U = CV (H) for some
H ∈H(t) since vt = −v ∈ U . As before, we see that [U, t] is the set of elements of U that
are inverted by t , so v ∈ [U, t]. This implies that D(t) equally partitions [V, t].
Fix H ∈H(t), and let U = CV (H). Set ra = |CU(t)| and rb = |[U, t]|. Observe that
U = CU(t) + [U, t] is a direct sum, so rc = |U | = |CU(t)||[U, t]| = rarb = ra+b and
c = a + b. Define h so that h2f−1 = |Hallπ (G)|. We know that h = 2f − 1 or h = 2f + 1.
Also, we have |V | − 1 = h2f−1(|U | − 1) = h2f−1(rc − 1). Similarly, |CV (t)| − 1 =
2f−1(|CU(t)| − 1) = 2f−1(ra − 1) and |[V, t]| − 1 = 2f−1(|[U, t]| − 1) = 2f−1(rb − 1).
Because |V | = |CV (t)||[V, t]|, we obtain the equation
h2f−1
(
rc − 1)+ 1 = (2f−1(ra − 1)+ 1)(2f−1(rb − 1)+ 1).
Multiplying out the right-hand side of this equation, subtracting 1 from both sides of the
equation, and dividing both sides by 2f−1, we obtain
h
(
rc − 1) = 2f−1(ra+b − ra − rb + 1)+ ra + rb − 2.
Recall that rc = ra+b , so we can rewrite this equation as
h
(
rc − 1) = 2f−1(rc − 1)− 2f−1(ra + rb − 2)+ (ra + rb − 2).
Moving the first term on the right-hand side to the left-hand side of the equation, and
combining the remaining two terms on the right-hand side, we have
(
h − 2f−1)(rc − 1) = (1 − 2f−1)(ra + rb − 2).
We know that h  2f − 1 > 2f−1 > 1, rc > 1, and ra + rb > 2, so the left-hand side of
this equation is positive while the right-hand side is negative, which is a contradiction.
Therefore, the lemma is proved. 
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